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ABSTRACT 

 The valuation of debt securities is an application of the time value of money mathematics. The 

key is to take the  bond’s characteristics (i.e., coupon, maturity value) and translate them into inputs for 

the financial mathematics. Here we basically use mathematical formula and programming language 

Mathematica to solve problem especially in bond valuation. The bond market has played a limited role in 

the Bangladesh economy. The Bangladesh bond market is also rather shallow compared to the 

neighboring countries. Mathematics is a theoretical subject and its application is large. Throughout our 

work, the primary objective is to study some mathematical techniques applied in analyzing the   behavior 

of the bond valuation. 

KEY WORDS:  Bond Market, Coupons And Coupon Rate, Straight Coupon, Zero-Coupon Bond, 

Maturity Value, Face Value, Yield And Yield-To-Maturity (Ytm), Premium And Discount.  

INTRODUCTION 

 Bond Market acts as buffer of equity market. This enables issuers and investors to convert the 

limitation of equity market into opportunities. To be sound and effective financial system has to have an 

efficient bond market. Capital Market cannot play its due role for developing economy through 

allocation of capital; and generating opportunities through industrialization of economy of the country.  

Developing bond market can be attributed to the following reasons (International Organization of 

Securities Commissions, 2002): a) an alternative source of domestic debt finance; b) lower cost of 

capital; c) reduced risks associated with maturity and currency mismatch; d) broadening of capital 

markets; e) efficient pricing of credit risk; and f) ensuring financial stability. The development of 

economy of any country depends mostly on the establishment of sound, effective and efficient financial 

system in that country. A well-developed financial system plays an important role in accelerating 

economic growth by mobilizing savings and facilitating investment in an efficient manner (Mu, Y. 

2007).  Long-term debt securities, such as notes and bonds, are promises by the borrower to repay the 

principal amount. Notes and bonds may also require the borrower to pay interest periodically, typically 

semi-annually or annually, and generally stated as a percentage of the face value of the bond or note 
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(Bond Valuation, A reading prepared by Pamela Peterson Drake, 2005).  A Bond is a long-term 

instrument issued by a corporate or government to raise money from public for variety of purposes. The 

issuer in return will pay the Bondholders at a fixed rate of interest during the life of the bond and the 

Bondholders receive full value of the bond when it matures. The Bangladesh Bond Market is at nascent 

stage. One of the main functions of a bond market is to provide long-term finance by creating alternatives 

sources of finance through capital market. The main purpose of bond market is to provide stable source 

of income to the investors against volatile equity market. The Bangladesh capital market is yet to develop 

required ground to create the environment for a congenial bond market. The high rate of interest in the 

market and government saving instruments, soft infrastructure for bond market, unrestricted bank finance 

etc all are still congenial for a sound bond market. In addition, the investors are more interested in the 

short term gains instead of waiting for higher return. This work is aimed at an audience with a sound 

mathematical background wishing to learn about the rapidly expanding field of mathematical finance 

especially bond market. In this paper our object is to discuss some of the procedures of mathematical 

finance and their application. We shall focus on the use of financial information as a part of decision 

making process and shall introduce a number of techniques applied specifically to the evaluations of such 

information. This leads to an examination of the principles involved in assessing the value of money over 

a period of time and observing how this information can be used to evaluate alternative financial 

decisions. The principle of such financial decision making are established through the concept of simple 

interest, compound interest, annuities, general annuity, simple annuity, bond valuation form 

mathematical point of view. Finally we discuss about bond valuation, types of bonds, valuing a straight-

coupon bond, premium and discount, different value and different coupon rate with same yield, same 

bond and different yields having different values, valuing a zero-coupon bond, calculating the yield to 

maturity, other valuation issues, and changes in interest rates. The examples are worked out as accurately 

as possible and compare with one another to find out the best one. Here we basically use mathematical 

formula and programming language Mathematica to solve mathematical problem. 

DEFINITIONS  

 Coupons and Coupon rate: We refer to the interest payments as coupon payments or coupons 

and the percentage rate as the coupon rate. Straight coupon: If these coupons are a constant amount, 

paid at regular intervals, we refer to the security paying them as having a straight coupon. Zero-Coupon 

note or bond: A debt security that does not have a promise to pay interest we refer to as a zero-coupon 

note or bond. Maturity value: The value of a debt security today is the present value of the promised 

future cash flows -- the interest and the maturity value. Face value: The maturity value is also referred to 

as the face value or redemption value of the bond. Therefore, the present value of a debt is the sum of the 

present value of the interest payments and the present value of the maturity value:   

Present value of a bond = present value of interest payments + present value of maturity value.  

 Yield and yield-to-maturity (YTM ): The yield to maturity on a bond is the market’s assessment 
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of the time value and risk of the bond’s cash flows.  This yield will change constantly to reflect changes 

in interest rates in general, and it will also change as the market’s perception of the debt issuer’s risk 

changes. We refer to this discount rate as the yield. The more uncertain the future cash flows, the greater 

the yield. It follows that the greater the yield, the lower the present value of the future cash flows -- 

hence, the lower the value of the debt security. For example if a bond has a return of 5 per cent over a 

six-month period, the annualized yield-to-maturity for a year is 2 times 5 per cent or 10 per cent.3 The 

yield-to-maturity is the annualized yield-to-maturity:  

 Annualized yield-to-maturity = six-month yield x 2. 

 We can rewrite the formula for the present value of a debt security using some new notation and 

some familiar notation. Since there are two different cash flows – interest and maturity value 

Let c = the coupon payment promised each period. 

      m = the maturity value or face value. 

      n = the number of periods until maturity. 

      t = a specific period. 

      rd = the six-month yield. 

The present value of a debt security or purchase price of the bond to yield rate, V, is:  

 

  Or,  , Where,  =      

FORMULA OF  BOND VALUATION FOR SEMI-ANNUALLY 

 Here, c = the coupon rate,  m = the maturity value,  n = the number of periods until  maturity, r = 

yield to maturity rate,  = the bond value.  The purchase price of the bond to r (yield rate):  

                              

To see how the valuation of future cash flows from debt securities works, let us look at the valuation of a 

straight coupon bond and a zero-coupon bond.  

VALUING A STRAIGHT-COUPON BOND WITH PREMIUM AND DIS COUNT 

 Bonds are given names according to the relationship between the bond’s selling price and its par      

value.  Premium bonds: price > par value or YTM < coupon rate  

 Discount bonds: price < par value or YTM > coupon rate 

 Par bonds: price = par value or YTM = coupon rate 
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Please Enter Your Input

Out[81]= 10

Out[82]= 5

Out[83]= 1000

Coupon rate bond value
0. 613.913
1. 652.522
2. 691.131
3. 729.739
4. 768.348
5. 806.957
6. 845.565
7. 884.174
8. 922.783
9. 961.391
10. 1000.
11. 1038.61
12. 1077.22
13. 1115.83
14. 1154.43
15. 1193.04

0% 1% 2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12% 13% 14% 15%
Coupon rate

200

400

600

800

1000

1200

Bond Value

 The relation between this bond’s value and its coupon is illustrated in Figure 1 by using 

programming language Mathematica (Mathematical Software).  

Problem 1: Value of a TK 1,000 face-value bond that has five years remaining to maturity and is 

priced to yield 10 percent for different coupon rates. 

Program:  The relation between this bond’s value and its coupon is illustrated in Figure 1.F.1 by using 

programming language Mathematica. 

Given, Yield to maturity=10%, Number of periods untill maturity=5, FaceValue = 1000   

Output:    

     

    

                                                    

       

      

 

 

       

Figure 1:    Value of a TK 1,000 face-value bond that has five years remaining to  

maturity and   is priced to yield 10 percent for different coupon rates. 

DIFFERENT VALUE, DIFFERENT COUPON RATE WITH SAME YI ELD 

 At any point in time, a company may have several different bonds outstanding, each with a 

different coupon rate and bond quote.  However, the yield on these bonds – at least those with similar 

other characteristics (e.g., seniority, security, indentures) – is usually the same or very close.  This occurs 

because the bonds are likely issued at different times and with different coupons and maturity, but the 

yield on the bonds reflects the market’s perception of the risk of the bond and its time value. Consider 

two bonds:  

 Bond A:  A maturity value of TK 1,000, a coupon rate of 6 percent, ten years remaining to    

maturity, and priced to yield 8 percent. Value = TK 864.0967.  

 Bond B:  A maturity value of TK 1,000, a coupon rate of 12 percent, ten years remaining to    

maturity, and priced to yield 8 percent. Value = TK 1,271.8065. 

 How can one bond costing TK 864.0967 and another costing TK 1,271.8065 both give an 

investor a return of 8 percent per year if held to maturity? Bond B has a higher coupon rate than Bond A 

(12 percent versus 6 percent), yet it is possible for the bonds to provide the same return. Bond B we pay 
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more now, but also get more each year (TK 120 versus TK 60). The extra TK 60 a year for 10 years 

makes up for the extra we pay now to buy the bond, considering the time value of money. 

SAME BOND, DIFFERENT YIELDS, HENCE DIFFERENT VALUES   

 As interest rates change, the value of bonds change in the opposite direction; that is, there is an 

inverse relation between bond prices and bond yields. When we hold the coupon rate constant and vary 

the yield, we see that there is a negative relation between a bonds yield and its value. We see a relation 

developing between the coupon rate, the yield and the value of a debt security.  

a.  If the coupon rate is more than the yield, the security is worth more than its face value – it 

sells at a premium. 

b.  If the coupon rate is less than the yield, the security is less that its face value – it sells at 

discount. 

c.  If the coupon rate is equal to the yield, the security is valued at its face value.     

  We can see the relation between the annualized YTM and the value of the 8 percent coupon bond 

in Figure 2 and by using programming language Mathematica. The greater the yield, the lower the 

present value of the bond, this makes sense since an increasing yields means that we are discounting the 

future cash flows at higher rates. For a given bond, if interest rates go up to its price goes down; if 

interest rates go down, its price goes up. 

Problem 2 : Value of five years, a TK 1,000 face-value bond with an 8 percent coupon for different 

yields to maturity. 

Program: By using programming language Mathematica 

Output: 

Please Enter Your Input

Out[94]= 8

Out[95]= 5

Out[96]= 1000  

YTM rate bond value
0. 1400.
1. 1340.56
2. 1284.14
3. 1230.55
4. 1179.65
5. 1131.28
6. 1085.3
7. 1041.58
8. 1000.
9. 960.436
10. 922.783
11. 886.936
12. 852.798
13. 820.279
14. 789.293
15. 759.757     0% 1% 2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12% 13% 14% 15%

YTM

200

400

600

800

1000

1200

1400

Bond Value

                       

Figure 2:  Value of five years, a TK 1,000 face-value bond with an 8 percent coupon for  

different yields to maturity. 

VALUING A ZERO-COUPON BOND 

 A zero-coupon bond is a debt security that is issued without a coupon. The value of a zero-
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coupon bond is easier to figure out than the value of a coupon bond. Let us see why. Suppose we are 

considering investing in a zero-coupon bond that matures in five years and has a face value of TK 1,000. 

If this bond does not pay interest—explicitly at least – no one will buy it at its face value. Instead, 

investors pay some amount less than the face value, with its return based on the difference between what 

they pay for it and-assuming they hold it to maturity—its maturity value. 

 If these bonds are priced to yield 10 percent, their present value is the present value of TK 1,000, 

discounted five years at 10 percent. We are given: ,  years, .The value of  

zero-coupon bond for semi-annually is: 

  or     

 The price of the zero-coupon bond is sensitive to the yield: if the yield changes from 10 percent 

to 5 percent, the value of the bond increases from TK613.91325 to TK781.19840. We can see  

the sensitivity of the value of the bond’s price over yields ranging from 1 percent to 15 percent in  

Figure 1.F.3. 

Program 3: Value of five years, a TK1,000 face-value bond with an 8 percent coupon for different 

yields to maturity. 

Program: By using programming language Mathematica             

Output: 

Please Enter Your Input  

            5 

           1000 

            

YTM Zerocouponvalue
0. 1000.
1. 951.348
2. 905.287
3. 861.667
4. 820.348
5. 781.198
6. 744.094
7. 708.919
8. 675.564
9. 643.928
10. 613.913
11. 585.431
12. 558.395
13. 532.726
14. 508.349
15. 485.194  

0%1%2%3%4%5%6%7%8%9%10%11%12%13%14%15%
YTM

200

400

600

800

1000

Bond Value

 

Figure 3:  Value of five years maturity Zero-coupon bond for different yields to maturity. 

CALCULATING THE YIELD TO MATURITY 

 In the previous section, we valued a bond, given a specific yield-to-maturity. But we are often 
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concerned the yield that is implied in a given bond’s price. For example, what is the yield-to-maturity on 

a bond that has a current price of TK 900, has five years remaining to maturity, an 8 percent coupon rate, 

and a face value of TK 1,000? We are given the following: , 

. The six-month yield, , in the 

discount rate that solves the following:   

 Or          

 There is no direct solution, so we must use iteration. In other words, without the help of a 

financial calculator or a spreadsheet, we would have to try different values of  until we cause the left 

and right hand sides of this equation to be equal.  

 The yield-to-maturity calculation is similar for a zero-coupon bond, with the exception that there 

is no interest: there is simply a present value, a future value, and a number of six-month periods. Formula 

for the yield to maturity (YTM): c = the coupon rate, f= the maturity value or face value, n= the number 

of periods until maturity,Y =yield to maturity rate  

 Again, the rate from this calculation must then be multiplied by two to produce the yield-to-

maturity. 

Problem : A company (BD) has a bond outstanding with 8 years remaining to maturity, a TK1000 face 

value, and a coupon rate of 8% paid semi-annually. If the current market price is TK 880, what is the 

yield to maturity (YTM) on the BD bonds?    

Solution: Here given, c = the coupon rate = 8%, f= the maturity value or face value = TK 1000, n= the 

number of periods until maturity = 8 years, Y = yield to maturity rate 

Program: The Bond value is 880                   

             From In[1]:= The yield rate per interest period�YTM��10.1064%  

Yield to maturity for Zero-coupon bond:  

Problem 4: Suppose a Zero-coupon bond with five years remaining to maturity and a face  value of 

TK1000 has a price of TK800.What is the yield to maturity on this bond? 

Program:  

          Please Enter Your Input 0 ,5,1000,800 

            The bond value =800   

            The yield rate per interest period�YTM��4.44444%       
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CHANGES IN INTEREST RATES 

 We have already seen that value of a bond changes as the yield changes: If the yield increases, the 

bond’s price decreases; if the yield decreases, the bond’s price increases. Just how much a  bond’s value 

changes for a given yield change depends on the cash flows of the bond and the  starting point, in terms 

of yield. 

 Consider the 8 percent coupon bond with five years to maturity that we saw earlier. If the yield 

changes from 5 percent to 6 percent, the price of the bond goes from TK 1,131.28 to TK 1,085.30; In 

percentage terms, the price declines  percent. But if the yield changes from  percent to  

percent, the price changes from TK 922.78 to TK 886.94, a decline of 3.884 percent. In other words, this 

bond’s price is more sensitive to yield changes for lower yields. We can also compare bonds and their 

price sensitivities. Consider two bonds with the following characteristics: 

Bond C:  A  percent coupon bond with six years remaining to maturity and a face value of TK 1,000.                                       

Bond D:   Zero-coupon bond with six years remaining to maturity and a face value of TK 1,000.                

 Bond C is more valuable because it has the additional cash flows from interest, relative to Bond 

D but which bond’s value is more sensitive to changes in yields? The value of each bond is graphed in 

figure 5 for yields from 0 percent to 15 percent. The change in price for a given yield change is more for 

the zero-coupon bond, Bond D, than the coupon bond; for Example: 

 Percentage change in the bonds value 

Change in yield  Bond C Bond D 

From 5 percent to 6 percent  -4.98% -5.67% 

From 8 percent to 9 percent -4.84% -5.59% 

From 14 percent to 15 percent -4.57% -5.44% 

  

 This is because the entire cash flow for the zero-coupon bond is twelve periods into the future, 

whereas the coupon bond has cash flows in the near periods as well, which are not as affected by the 

yield change as the maturity value. 
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Program 5: Value of bonds with six years to maturity: Bond C has a 5 percentage coupon and 

Bond D is a Zero-coupon Bond. 

Program: By using programming language Mathematica             

Output:    

           

Please Enter Your Input

Out[30]= 5

Out[31]= 6

Out[32]= 1000    

                    

             0% 1% 2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12% 13% 14% 15%
YTM

200

400

600

800

1000

1200

Bond Value

0% 1% 2% 3% 4% 5% 6% 7% 8% 9% 10%11%12%13%14%15%
YTM

200

400

600

800

1000

Zero  Coupon Value

 

                          

0% 1% 2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12% 13% 14% 15%
YTM

200

400

600

800

1000

1200

Bond Value

 

Figure 4 : Value of  bonds with six years to maturity: Bond C has a 5 percentage  

coupon and Bond D is a Zero-coupon Bond. 
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the Bond value is 1022.26

Date Bond int. payment Int. on B.V at YR Interest adjustment Book value
1 45. 40.8904 4.10964 1018.15
2 45. 40.726 4.27402 1013.88
3 45. 40.555 4.44498 1009.43
4 45. 40.3772 4.62278 1004.81
5 45. 40.1923 4.80769 1000.

2 3 4 5
months�period1002.5

1005
1007.5
1010

1012.5
1015

1017.5

Book value

Sum of the Bond Interest payment� 225.

Sum of the payment� 1225.

Sum of the Interest on book value at the yeild rate 202.741

Problem 6: A TK1000 bond, redeemable at per on December 1, 1998, pays semi-annual coupons at 

9%. The bond is bought on June 1, 1996. Find the purchase price and construct a bond schedule, if 

the desired yield is 8% compounded semi-annually.        

Program: By using programming language Mathematica.    

Output:        

     

    

              

          

  

   

             

 

 

Figure 5: Months/Period verses Book value. 

INTEREST RATE RISK  

 The risk that arises for bond owners from fluctuating interest rates is called interest rate risk. How 

much interest rate risk a bond has depends on how sensitive its price is to interest rate changes. The 

sensitive directly depends on two things: the time to maturity and the coupon rate. As we will see 

momentarily, you should keep the following in mind when looking at a bond: 

1. All other things being equal, the longer the time to maturity, the greater the interest rate risk. 

2. All other things being equal, the lower the coupon rate, the greater the interest rate risk.  

 We illustrate the first of these two points in Figure 6. As shown, we compute and plot under 

different interest rate scenarios for 10 percent bonds with maturity of 1 year and 30 years. Notice how the 

slop of the line connecting the prices is much steeper for the 30 year maturity than it is for the 1-year 

maturity. 
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Problem 7: Value of 1 year and 30 years, a TK 1,000 face-value bond with an 10 percent coupon 

for different yields to maturity. 

Program: 
Output: 

Please Enter Your Input

Out[24]= 10

Out[25]= 1

Out[26]= 1000  
YTM rate bond value

0. 1100.
1. 1089.33
2. 1078.82
3. 1068.46
4. 1058.25
5. 1048.19
6. 1038.27
7. 1028.5
8. 1018.86
9. 1009.36
10. 1000.
11. 990.768
12. 981.666
13. 972.691
14. 963.84
15. 955.111  

YTM rate bond value
0. 4000.
1. 3327.65
2. 2798.2
3. 2378.31
4. 2042.83
5. 1772.72
6. 1553.51
7. 1374.17
8. 1226.23
9. 1103.19
10. 1000.
11. 912.751
12. 838.386
13. 774.506
14. 719.216
15. 671.015  

For 1- year:      For 30-years:     

Bond value      Bond value 

0 2 4 6 8 10 12 14

960

980

1000

1020

1040

1060

1080

1100

YTM rate  0 2 4 6 8 10 12 14

1000

1500

2000

2500

3000

3500

4000

 YTM 

Bond value 

 

Figure 6  : Interest rate (%) verses Bond value. 

 This steepness tells us that a relatively small change in interest rates will lead to a substantial 

change in the bonds value. In comparison, the one year bond’s price is relatively insensitive to interest 
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rate. Intuitively, we can see that the reason that longer- term bonds have greater interest rate sensitively is 

that a large portion of a bond’s value comes from the Tk 1000 face amount. The present value of this 

amount isn’t greatly affected by a small change in interest rates if the amount is to be received in one 

year. Even a small change in the interest rate, however, once it is compounded for 30 years, can have a 

significant effect on the present value. As a result, the present value of the face amount will be much 

more volatile with a longer term bond. 

CONCLUSIONS 

 In this essay, we have discussed the modified formula of Bond valuation developed on semi-

annually basis. This formula is really very effective for computing Bond valuation by using 

Programming language Mathematica hand calculation along with illustration of graphs. So when we look 

at the value of a bond, we see that its present value is dependent on the relation between the coupon rate 

and the yield. Zero and low coupon bonds allow the issuing firm to issue bonds at a substantial discount 

from their TK 1,000 face value with a zero or very low coupon. The disadvantages are, when the bond 

matures, the issuing firm will face an extremely large nondeductible cash outflow much greater than the 

cash inflow they experienced when the bonds were first issued. Discount bonds are not callable and can 

be retired only at maturity. On the other hand, annual cash outflows associated with interest payments do 

not occur with zero coupon bonds.  The relation between this bond’s value and its coupon is illustrated in 

Figure 1 by using  programming language Mathematica (Mathematical Software). We can see the 

relation between the annualized YTM and the value of the 8 percent coupon bond in Figure 2 and by 

using programming language Mathematica. We discussed the sensitivity of the value of the bond’s price 

over yields ranging from 1 percent to 15 percent in Figure 3. We have already seen that the value of a 

bond changes as the yield changes: If the yield increases, the bond’s price decreases; if the yield 

decreases, the bond’s price increases. The rate of change of a bond’s value for a given yield-change 

depends on the cash flows of the bond and the starting point, in terms of yield. We also compared bonds 

and their price sensitivities. Bond C is more valuable because it has the additional cash flows from 

interest, relative to Bond D. The value of each bond is graphed in Figure 4 for yields from 0 percent to 

15 percent showing the bond which is more sensitive to changes in yields. The change in price for a 

given yield change is more for the zero-coupon bond, Bond D, than the coupon bond. This is because the 

entire cash flow for the zero-coupon bond is twelve periods into the future, whereas the coupon bond has 

cash flows in the near periods as well, which are not as affected by the yield change as the maturity 

value. The risk that arises for bond owners from fluctuating interest rates is called interest rate risk. How 

much interest rate risk a bond has depends on how sensitive its price is to interest rate changes. The 

sensitivity directly depends on two things: the time to maturity and the coupon rate. As we saw earlier, 

we should keep the following in mind while evaluating a bond:  (a) all other things being equal, the 

longer the time to maturity, the greater the interest rate risk. (b) all other things being equal, the lower the 

coupon rate, the greater the interest rate risks. We illustrated the first of these two points in Figure 6. As 

shown, we computed and plotted under different interest rate scenarios for 10 percent bonds with 
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maturity of 1 year and 30 years. Notice how the slop of the line connecting the prices is much steeper for 

the 30 year maturity than it is for the 1-year maturity. This steepness tells us that a relatively small 

change in interest rates will lead to a substantial change in the bonds value. In comparison, the one year 

bond’s price is relatively insensitive to interest rate. In other words, if we compared a 10 year bond to a 1 

year bond, we would see that the 10 year bond has much greater interest rate risk. However, if we 

compare a 20 year bond and a 30 year bond, we would find that the 30 year bond has somewhat greater 

interest risk because it has a longer maturity with the difference in the risk being fairly small.  
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