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ABSRACT 

 A computational algorithm that permits speedy and accurate analysis of freeze drying processes  has 

been developed. The algorithm can be used for analyzing freeze drying of all types of food materials, 

irrespective of their shape or geometrical configuration and irrespective of whether drying occurs from 

one surface of the material or from all surfaces (whether the process is unidirectional or occurs in all the 

three directions). Shrinkage of materiel due to moisture removal has also been accounted for. The 

algorithm demands low computational load (though is iterative in nature) and does not necessitate use of 

design charts. Experimental values of θ (time of drying) and fractional moisture removal agree closely 

with those computed using the algorithm. It, however, assumes constant diffusivity (DL) and constant 

surface moisture concentration.  
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INTRODUCTION  

 Freeze drying is one of the popular methods employed during food processing and food 

preservation. The material to be dried is cooled to subzero temperature and then exposed to a carrier gas 

(drying medium). Water ,  that is in the frozen state , sublimes into the gas and is swept off  by the carrier 

gas. Though the process is slow,  it has  the distinct advantages that this avoids thermal degradation of 

the material (since operating temperature is very low) and microbial death and consequent partial 

sterilization of the material could also occur side by side.  

 Among the materials that are popularly subjected to freeze drying such as vegetable peels, fruit 

slices etc., most of  them posses fibrous or cellulosic texture and are characterized by low critical 

moisture content (XC). As a result, drying of these materials occurs very little during the constant rate 

period (since X0 is very close to XC) . Drying occurs predominantly during the second falling rate period 

and during this period, the controlling resistance is that for the diffusion of  moisture from the interior of 

the solid to the surface. In other words, the process is diffusion – controlled and the overall rate of drying 

may be represented through Fick’s second low of diffusion as,  

 dX / dθ   =   DL ∇
2 X                                                                                                  (1) 
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where                                                   
 ∇

2   =    [∂2 / ∂ x2 ] +  [∂2 / ∂ y2 ] +  [∂2 / ∂z2 ]                                                    (2)                                                                 
 The above second order partial differential equation can be solved only numerically. If we make a 

simplifying assumption that sublimation of water occurs only in one direction (say, in x – direction only), 

then an analytical solution to above equation would be possible, but it shall be in the form of an infinite 

series involving exponential (and often, trigonometric) functions. Such a solution shall not be, therefore, 

handy for design computations. A designer shall not be comfortable at all with regards to handling such 

equations and even if he does use them, the computational load involved shall be unacceptably large. For 

problems of this kind encountered in heat transport (for example, those involving multidimensional, 

unsteady state heat conduction), designer’s charts have been developed by authors such as Heisler 

(1947), Grober et.al. (1961) and Gurney and Lurie (1923).  

 Based on a similar approach, this paper presents a relatively simpler computational algorithm that 

does not demand the use of charts, but permits speedy, but accurate, analysis of freeze drying processes.  

DEVELOPMENT OF ALGORITHM 

 If we define two dimensionless parameters,   and  η, such that  

   =  ( X – X* ) / ( XC – X* )                                                                                      (3)                                                                                

 η  =  ( DL θ ) / ( L* )2                                                                                                 (4)                                                                                  

then, it is observed that for  η ≤ 0.10 ,  a plot of  ln (θ ) versus η is more or less linear for all solid objects 

of any arbitrary shape or geometry. Thus, we may write 

                                                                                            (5)                                                                    

where the coefficients,  and , depend on the geometrical dimensions of the material that is being 

freeze dried (see Table – 1) .For most food materials, as stated earlier, XC is very close to X0 and XC  in 

equation (3) may be replaced by X0 without inducing serious error. The values of correlation 

constants,  and , have been determined through elaborate regression analysis (Hildebrand,1974; 

Krishnamurthy and Sen,1976 ) for materials of different configurations  and are listed in Table – 1. To 

define the dimensionless parameter η, it is necessary to specify the characteristic dimension, L*. This 

depends not only on the geometry of the materiel that is being dried, but also on the directions in which 

sublimation of water occurs. This is also illustrated in Table – 1. For example, if the material to be dried 

is in the form a thin circular disk of thickness (2δ) and sublimation of water occurs from the two circular 

plane surfaces only, then L* = δ. Similarly, if the food stuff is in the form of long, circular cylinders (with 

length much larger than the diameter) such that drying takes place predominantly from the cylindrical 

surface, then L* = R = radius of the cylindrical object.  

 If sublimation of water occurs from all the surfaces of the materiel (or, in all the three directions 

such as x - , y -  and z – directions), then  is to be computed from equation (5) itself, but by making use 

of  the principle of superposition (Narayanan,2006). For example, if the food materiel is in the form of a 
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rectangular slab of dimensions 2a x 2b x 2c, then the value of    is to be first computed separately for  

L* = a, L* = b and L* = c. Let these values of   be denoted as    respectively. Then, the 

effective value of  Φ shall be,   . 

 Many food materials do shrink and deform during drying. It may be assumed that the fractional 

decrease in volume is proportional to the volume of moisture expelled. Since moisture content (X) is 

defined as the mass of moisture per unit mass of dry material, we may write  

 dV / dθ  =  ( mS / ρL ) (dX / dθ)       (6)                                                                                        

On integration and rearrangement, 

 (V/ V0 )    =   [mS X0 / ( ρLVo)] ( X / X0 )  +  [1 – (mS X0 /ρL Vo)]  

   =     b1   (X/ Xo)    +    b0                                                                             (7)                                                                                                    

Since mS , V0 and X0 are quantities that can be easily determined or measured experimentally, the 

coefficients, bo and b1, can be evaluated for any specific material with relative ease. If the shrinkage is 

assumed to be symmetric, in the sense that each dimension of the object decreases by a constant factor α 

(this amounts to accounting for shrinkage, but neglecting deformation), then  ( V/V0)  =  α3 .  Thus,  

  α3   =   b0  +   b1 ( X / X0)                                                                            (8)                                                                                                          

The expression for η also gets modified to  

  η   =    DL θ / ( α L* )2                                                                                    (9)                                                                                                            

 To determine the moisture content ( X ) of the material at the end of θ hours or vice versa, equations 

(5) and (8) are to be solved simultaneously. No doubt, this shall demand a trial and error (iterative) 

procedure. However, the computational load shall not be large.  
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Table – 1 

Correlation  Constants  of  Equation ( 5 ) 

 

Shape/Geometry of the Material   L *  Remarks 

1. Thin disk of thickness = 2δ . 

       Drying takes place from the 

two plane surfaces only 

– 0.1904 – 2.534 δ ----- 

2.  Rectangular slab of dimensions, 

     2a x 2b x 2c 
– 0.1904 – 2.534 a, b, c  

3.  Long cylinder of radius, R . 

       Drying from cylindrical                                                                                                      

       surface only.  

– 0.3874 – 5.776 R ------- 

4    Cylinder of radius, R and      

        and length, L.                                                                                  
– 0.3874 – 5.776 R, l 

 

[ l  =  L / 2 ] 

5. Spherical with radius = R                                                                     – 0.5934 – 9.4953 R ---- 

                             

COMPUTATIONAL  FLOWCHART    

 The computational flowchart is shown in figure – 1 . The chart illustrates computation of moisture 

content (X) of the material at the end of a specified time interval, θ. Alternately, the time (θ) required to 

attain a specified fractional removal of moisture from the material may be estimated .A sample 

computation is presented below:  

1. Let the food material be in the form of a rectangular slab of length (2a)  = 20mm, width (2b) = 

15mm and depth (2c)  =  10mm. Let the mass each slab  =  4.5 g .  The initial moisture content 

of each slab is 20% (on dry basis) and it is required to reduce it to  2% (on dry basis) by freeze 

drying and we have to estimate the time required for the same. Let DL (experimental value) at 

the operating temperature  =  1.0 x 10 -11 m2/s. 

2. Now,                                      mS  =  (4.5 / 1.2)  =  3.75 g 

                                               V0  =  3.0 cm3  

            Therefore,                               bo  =  0.75,   b1  =  0.25.  

3. From equation (8),  

                                                      α  =  0.9185  
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4.  Let                                           θ   =   256 hours. 

     Since a = 1.0 cm, b =  0.75 cm and  c =  0.5 cm, from equation (9), 

                                                    ηa  =  (1.0 x 10-7) (256 x 3600) / [(0.9185) (1.0)2] 

                                                          =  0.1003 

    Similarly,                                 ηb  =  0.1783,     ηc  =  0.4012. 

5.  From equation (5) and with reference to Table (1),  

                                              ln ()   =  – 0.1904 – ( 2.534 ) η 

     Therefore,                               Φa  =  0.641,  Φb  = 0.5261,   Φc  =  0.2991. 

     And                                            =    (0.641) (0.5261) (0.2991)  =  0.1008 

6.  Taking  X*  =  0,  from equation (3),  

                                                      X   =    X0 

                                                            =  (0.1008) (20.0)   =   2.016%  

7.  Since the above value of X is very close to that specified in the problem (namely, 2.0%), we can 

discontinue further trial. Thus, the time (θ) required to reduce the moisture content of the 

material from 20% to 2% is  = 256 hours. The apparently large value of  θ  is due to low 

diffusivity ( DL) of liquid in the solid matrix. 
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START 

 
 

 
Specify the values of  DL , X0 , θ 

Also, specify  mS , V0 ,  ρL 
 
 
 
 

Compute  coefficients  bo  and   b1,  with 
reference  to  equation (7) 

 
 
 
 

Specify L* with reference to Table – 1 
 
 
 

 
Assume  α. 

For example,  α  =  1 – [1/(2L*)] , 
where  L*  is  in  mm 

 
 
 
 

ITERATION 
Compute  X  from  equation (8) 

 
 
 

 
Put  XA  =  X 

 
 
 

Compute η from equation (9) 
 
 
 

 
Compute    from equation (5) and 

with reference  to  Table – 1 
 
 
 

 
Compute X  from  equation (3) 

 
 
 

 
Find fractional deviation  (σ ) as 

σ  =  [ XA – X ] / ( X ) 
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If    σ  ≥ 0.001,  put  α  =  α  -  [1 / ( 2L*)] 

and   go  to   ‘ITERATION’ 
 
 
 

PRINT   X ,  α 
 
 
 

END 
 
 

 
Figure – 1  :   Computational  Flowchart 

 

COMPARISON  WITH  EXPERIMENTAL  DATA 

 Experimental data on freeze drying of potato peels, apple slices and pineapple slices / cubes have 

been collected and the results are compared with data computed based on the proposed algorithm. The 

original moisture content of the materials varied from 20 to 30 % and the final moisture content from 5.0 

to 10.0 per cent. The comparison between experimental values of  θ (namely, time of drying) and those 

predicted by the algorithm are shown in figure (2) and the computed and experimental values of 

fractional moisture removal, namely  [1 – ( X / X0 )], are compared in figure (3). It can be seen that θ 

(computed) and θ (experimental) compare excellently with each other, the maximum deviation being ± 

10 % and the minimum deviation ± 5%. Similarly, the computed values of fractional moisture removal 

agree with the experimental values within ± 8% precision. This establishes the reliability and the 

accuracy of the developed algorithm.  
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Figure  2 : Comparison between computed and experimented values of   time of drying ( θθθθ ) 
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 Figure 3 : Comparison between computed and experimented values   
  of percentage moisture removal ( ββββ ) attained, ββββ = 1 – ( X / X0) 
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CONCLUSIONS 

 A simple but versatile algorithm for speedy, but reliable, analysis of freeze drying of food materials / 

products has been developed. The specific advantages of the algorithm are,  

(a) The algorithm is applicable to all types of food materials of any arbitrary shape or geometry 

such as thin circular disks, rectangular slabs , cylindrical / spherical flakes etc.; 

(b) It can be applied to all cases irrespective of whether sublimation of water occurs in one direction 

only (from one surface of the solid object only) or in all the three directions (from all the three 

or six surfaces); 

(c) The algorithm does not demand use of any design charts, it is fully analytical in nature;  

(d) Though involves an iterative (trial and error) procedure, it does not demand large computational 

load.  

 While utilizing the algorithm however, the following restrictions must be kept in mind : 

(1) Diffusivity (DL) of liquid through the solid matrix has been assumed to be independent of the 

moisture content of the solid .  DL shall, therefore, have a constant value at the given process 

temperature (the dependence of  DL on temperature may be represented by an Arrhenius – type 

relationship such as, DL = p exp (– q / T), where p and q are constants and T is the absolute 

temperature).  

(2) Concentration of moisture at the surface of the food material is assumed constant. This amounts 

to assuming that the resistance to transfer of moisture from the solid surface to the carrier gas is 

relatively insignificant. Since the resistance to liquid movement within the solid is usually quite 

large and is rate – controlling, the above assumption shall not necessarily cause any serious error.  

(3)  At θ = 0, the moisture concentration within the solid (namely, X0) has been assumed to be 

uniform  through the solid.  

(4) Shrinkage of the food material during freeze drying is accounted for, but deformation of  the 

solid has been assumed negligible.  

NOMENCLATURE 

a,b,c    dimensions of rectangular slab, m  

DL       diffusion coefficient for diffusion of moisture through the solid matrix, m2/s 

l           half the length of cylindrical object, m 

L         total length of cylindrical object, m  

L*       characteristic dimension, m  

mS       mass of dry solid, kg 
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R        radius of cylindrical / spherical object, m 

T         absolute temperature, K 

V0 ,V  initial volume (prior to drying) and final volume (at the end of drying) respectively of food 

material, m3 

X        moisture content of solid (on dry basis), kg/kg 

XC       critical moisture content (on dry basis) of solid, kg/kg 

X0       initial moisture content (on dry basis) of the solid, kg/kg 

X*       equilibrium moisture content (on dry basis) of solid , kg/kg 

α        ratio of final dimension to initial dimension of solid, dimensionless 

δ         half the thickness of circular disk, m  

θ         time of drying , s 

ρL      liquid density, kg/m3 

        dimensionless variable defined in equation (3)  

   values of  at L* = a, b, c respectively, dimensionless 

            values of  at L* = l and at L* = R respectively, dimensionless 
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