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ABSTRACT  

 Analogous to the cubic Bezier curve, a quartic trigonometric Bezier curve 

with a shape parameter is presented in this paper. Each curve segment is 

generated by four consecutive control points. The shape of the curve can be 

adjusted by altering the values of shape par

kept unchanged. These curves are closer to the control polygon than the cubic 

Bezier curves, for all values of shape parameter. With the increase of the shape 

parameter, the curve approaches to the control polygon. 

KEYWORDS : Trigonometric Bezier basis function; trigonometric Bezier 

curve; shape parameter. 

1. INTRODUCTION

 The trigonometric B

relation for the trigonometric B

In recent years, several new trigonometric splines have been studied in the 

literature, see [3,4,5,6]. In [7] cubic trigonometric Bézier curve with two shape 

parameters were presented. However, up to now, quartic trigonometric curves 

International Journal of Mathematics   and 
Computer Applications Research (IJMCAR)    

2012 100-111 

 

QUARTIC TRIGONOMETRIC BEZIER CURVE WITH A 

SHAPE PARAMETER  

M. DUBE , R. SHARMA  

Department of Mathematics and Computer Science, R.D. University, 

Jabalpur. Email: mriduladube@yahoo.com 

Department of Mathematics, Mata Gujri Mahila Mahavidyalaya, Jabalpur. 

Email: reenusharma6@rediff.com 

o the cubic Bezier curve, a quartic trigonometric Bezier curve 

with a shape parameter is presented in this paper. Each curve segment is 

generated by four consecutive control points. The shape of the curve can be 

adjusted by altering the values of shape parameters while the control polygon is 

kept unchanged. These curves are closer to the control polygon than the cubic 

Bezier curves, for all values of shape parameter. With the increase of the shape 

parameter, the curve approaches to the control polygon.  

Trigonometric Bezier basis function; trigonometric Bezier 

curve; shape parameter.  

INTRODUCTION  

The trigonometric B-splines were first presented in [1] and the recurrence 

relation for the trigonometric B-splines of arbitrary order was established in [2]. 

In recent years, several new trigonometric splines have been studied in the 

literature, see [3,4,5,6]. In [7] cubic trigonometric Bézier curve with two shape 

parameters were presented. However, up to now, quartic trigonometric curves 

QUARTIC TRIGONOMETRIC BEZIER CURVE WITH A 

Department of Mathematics and Computer Science, R.D. University, 

Department of Mathematics, Mata Gujri Mahila Mahavidyalaya, Jabalpur. 

o the cubic Bezier curve, a quartic trigonometric Bezier curve 

with a shape parameter is presented in this paper. Each curve segment is 

generated by four consecutive control points. The shape of the curve can be 

ameters while the control polygon is 

kept unchanged. These curves are closer to the control polygon than the cubic 

Bezier curves, for all values of shape parameter. With the increase of the shape 

Trigonometric Bezier basis function; trigonometric Bezier 

splines were first presented in [1] and the recurrence 

ed in [2]. 

In recent years, several new trigonometric splines have been studied in the 

literature, see [3,4,5,6]. In [7] cubic trigonometric Bézier curve with two shape 

parameters were presented. However, up to now, quartic trigonometric curves 



 
 

101

like those of Bézier type have not been studied. In this paper the quartic 

trigonometric Bézier curve with a shape parameter is presented. 

 The paper is organized as follows. In section 2, quartic trigonometric Bézier 

basis functions with a shape parameter are established and the properties of the 

basis functions are shown. In section 3, quartic trigonometric Bézier curves are 

given and some properties are discussed. By using shape parameter, shape 

control of the curves are studied. In section 4, the approximability of the quartic 

trigonometric Bézier curves and cubic Bezier curves corresponding to their 

control polygon are shown. Our results a

examples in each section.  

2. QUARTIC TRIGONOMETRIC BÉZIER BASIS FUNCTIONS 

  Firstly, the definition of quartic trigonometric Bézier basis functions is 

given as follows.  

2.1 The construction of the basis functions

Definition 2.1. For an arbitrarily selected real values of 

the following four functions of 

trigonometric Bézier basis functions with a shape parameter 

 

 

For =0, the basis functions are quadratic trigonometric polynomials. For 

0, the basis functions are quartic trigonometric polynomials. 

2.2 The properties of the basis functions
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Theorem 2.1 The basis functions (2.1) have the following properties:

(a) Nonnegativity: 

(b) Partition of unity

 

(c) Symmetry: 

(d) Monotonicity: For a given parameter t, as the shape parameter 

 and  decreases and as the shape parameter 

and  increases. 

Proof 

(a) For t  and 

It is obvious that 

(b) 

R. Sharma 

The basis functions (2.1) have the following properties: 

 for   

Partition of unity:  

 

 for ,  

: For a given parameter t, as the shape parameter  increases, 

decreases and as the shape parameter  decreases, 

increases.  

and , then  

,  

,  

,  

  

 for   

102

increases, 

decreases,  
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The remaining cases follow obviously. 

 The curves of the quartic trigonometric Bézier basis functions for 

 and 

 

Figure 1 : Quartic trigonometric Bézier basis functions for 

Figure 2 : Quartic trigonometric Bézier basis functions for 

R. Sharma 

The remaining cases follow obviously.  

The curves of the quartic trigonometric Bézier basis functions for 

 are shown in Figure 1, 2 and 3 respectively. 

Quartic trigonometric Bézier basis functions for 

 

Quartic trigonometric Bézier basis functions for 
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Figure 3 : Quartic trigonometric Bézier basis functions for 

 

3. QUARTIC TRIGONOMETRIC BÉZIER CURVE 

3.1 The construction of the quartic trigonometric Bézier curve

Definition 3.1. Given points 

then  

 

 

is called a quartic trigonometric Bézier curve with a shape parameter. 

From the definition of the basis function some properties of the quartic 

trigonometric Bézier curve can be obtained as follows: 

 

Quartic Trigonometric Bezier Curve with A Shape Parameter 

 

Quartic trigonometric Bézier basis functions for 
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. Given points  (i=0,1,2,3) in  or ,   
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(3.1) 

From the definition of the basis function some properties of the quartic 
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Theorem 3.1 The quartic trigonometric Bézier curves (3.1) have the following 

properties:  

(a) Terminal Properties

(3.2)   

(b) Symmetry  

 and 

curve in different parametrizations, i.e., 

(c) Geometric invariance 

 The shape of a quartic trigonometric Bézier curve is independent of the 

choice of coordinates, i.e. (3.1) satisfies the following two equations: 

R. Sharma 

The quartic trigonometric Bézier curves (3.1) have the following 

Terminal Properties:  

  

                  

  

             (3.3)

 define the same quartic trigonometric Bézier 

curve in different parametrizations, i.e.,  

,  

                  (3.4) 

Geometric invariance  

The shape of a quartic trigonometric Bézier curve is independent of the 

choice of coordinates, i.e. (3.1) satisfies the following two equations:  

, 

, (3.5)
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The quartic trigonometric Bézier curves (3.1) have the following 

             

(3.3) 

define the same quartic trigonometric Bézier 

(3.4)  

The shape of a quartic trigonometric Bézier curve is independent of the 

,  

(3.5) 
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where q is arbitrary vector in 

d=2 or 3.  

(d) Convex hull property 

 The entire quartic trigonometric Bézier curve segment lies inside its control 

polygon spanned by 

3.2 Shape Control of the Quartic Trigonometric Bézier 

For , we rewrite (3.1) as follows: 

        

    

where 
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Convex hull property  

The entire quartic trigonometric Bézier curve segment lies inside its control 

polygon spanned by .  

Shape Control of the Quartic Trigonometric Bézier Curve  

, we rewrite (3.1) as follows:  

                    

       (3.6)

,  

  

  

.  
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 matrix, 

The entire quartic trigonometric Bézier curve segment lies inside its control 

 

(3.6) 
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Obviously, shape parameter 

, 

increases, the quartic trigonometric Bézier curve approximates the control 

polygon. Figure 4 shows some computed examples with different values of

shape parameter 

(b), =-0.5 in (c) and 

Figure 4 : Quartic Trigonometric Bézier Curves with different values of 
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Obviously, shape parameter  affects curve on the control edge 

 and . Therefore as the shape parameter 

increases, the quartic trigonometric Bézier curve approximates the control 

polygon. Figure 4 shows some computed examples with different values of

. These curves are generated by setting =1 in (a), 

0.5 in (c) and =-1 in (d).  

 

Figure 4 : Quartic Trigonometric Bézier Curves with different values of 

shape parameter  
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, 

. Therefore as the shape parameter  

increases, the quartic trigonometric Bézier curve approximates the control 

polygon. Figure 4 shows some computed examples with different values of 

=0 in 

 

Figure 4 : Quartic Trigonometric Bézier Curves with different values of 
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4. APPROXIMABILITY 

  Control polygon provides an important tool in geometric modeling. It is an 

advantage if the curve being modeled tends to preserve the shape of its control 

polygon.  

 Now we show the relations of the quartic trigonometric Bézier curves and 

cubic Bézier curves corresponding to their control polygon. 

Figure 5 : The relationship between quartic trigonometric Bézier curves 
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(4.1)  

where 

 

Proof According to (3.2), we have 

Performing simple computation, we have 

 and 

(4.2)  

and according to (4.2), we have 
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,    

,   

         

  

According to (3.2), we have  

, and   

Performing simple computation, we have  

  

          

and according to (4.2), we have  
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Then (4.1) holds.  

 From Figure 5, we can see that the quartic trigonometric Bézier curve (red 

lines for , 

polygon than the cubic Bézier curve ( blue lines ) for all values of 

REFERENCES  

1. Schoenberg I. J., On Trigonometric Spline Interpolation, J. Math. Mech. 

13(1964) 795-825. 

2. T. Lyche, R. Winther, A Sta

splines, J. Approx. Theory. 25 (1979) 266

3. Xuli Han, Quadratic Trigonometric Polynomial Curves with a Shape 

Parameter, Computer Aided Geometric Design, 19(2002) 479

4. Xuli Han, Piecewise Quadratic Trigo

Mathematics of computation 72(2003) 1369

5. Xuli Han. Cubic Trigonometric Polynomial Curves with a Shape Parameter, 

Computer Aided Geometric Design, 21(2004) 535

6. Xuli Han, Quadratic trigonometric polynomial curves conce

control, Applied Numerical Mathematics, 56(2006) 105

7. Xi-An Han, YiChen Ma, XiLi Huang, The Cubic Trigonometric Bézier 

Curve with Two Shape Parameters, Applied Mathematical Letters, 22(2009) 

226-231.  

 

Quartic Trigonometric Bezier Curve with A Shape Parameter 

From Figure 5, we can see that the quartic trigonometric Bézier curve (red 

 and  respectively ) is closer to the control 

polygon than the cubic Bézier curve ( blue lines ) for all values of 

 

Schoenberg I. J., On Trigonometric Spline Interpolation, J. Math. Mech. 

825.  

T. Lyche, R. Winther, A Stable recurrence relation for trigonometric B

splines, J. Approx. Theory. 25 (1979) 266-279).  

Xuli Han, Quadratic Trigonometric Polynomial Curves with a Shape 

Parameter, Computer Aided Geometric Design, 19(2002) 479-502.  

Xuli Han, Piecewise Quadratic Trigonometric Polynomial Curves, 

Mathematics of computation 72(2003) 1369-1377.  

Xuli Han. Cubic Trigonometric Polynomial Curves with a Shape Parameter, 

Computer Aided Geometric Design, 21(2004) 535-548  

Xuli Han, Quadratic trigonometric polynomial curves concerning local 

control, Applied Numerical Mathematics, 56(2006) 105-115.  

An Han, YiChen Ma, XiLi Huang, The Cubic Trigonometric Bézier 

Curve with Two Shape Parameters, Applied Mathematical Letters, 22(2009) 

Quartic Trigonometric Bezier Curve with A Shape Parameter  

From Figure 5, we can see that the quartic trigonometric Bézier curve (red 

respectively ) is closer to the control 

.  

Schoenberg I. J., On Trigonometric Spline Interpolation, J. Math. Mech. 

ble recurrence relation for trigonometric B-

Xuli Han, Quadratic Trigonometric Polynomial Curves with a Shape 

nometric Polynomial Curves, 

Xuli Han. Cubic Trigonometric Polynomial Curves with a Shape Parameter, 

rning local 

An Han, YiChen Ma, XiLi Huang, The Cubic Trigonometric Bézier 

Curve with Two Shape Parameters, Applied Mathematical Letters, 22(2009) 


