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ABSTRACT 

We present a non-linear mathematical Susceptible-Exposed-Infective-Removed (SEIR) model which analyzes the 

spread and control of HIV /AIDS with induced death rate. The basic reproductive number �� to the parameters in the 

model was calculated. Comprehensive mathematical techniques are used to analyze the model steady states. We analyzed 

SEIR model with natural birth and death rates and with HIV/AIDS induced death rates. We derived the formula for the 

basic reproduction number �� = ���(�)(�
�
�)(�
�
��) which depends on six parameters and the population size �(�). Using 

real data collected from Bale Robe town in 2015 year we found that the basic reproduction number �� = �. �����. This 

shows that the basic reproduction number is greater than one which in principle implies that the HIV/AIDS spreads in 

Bale Robe town. To control the spread of HIV/AIDS we then identify the control parameter which gives insight to decrease 

or stop its spread. The basic control parameter that can decrease the spread of the disease is the rate of transmission from 

susceptible class into infected class is � = �. �����. Therefore to keep the basic reproduction number is less than one 

the parameter � should be less than
�.����� = �. ���� × ����. Other control parameters are also investigated and how 

they affect the basic reproduction number to be less than one also discussed in detail in their sub sections. We also 

investigate the disease free equilibrium point and disease present equilibrium point and we have discussed their local and 

global stability analysis using Ruth –Hurwitz stability criterion.  
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1. INTRODUCTION 

According to the father of modern epidemic theory, Sir Ronald Ross, who wrote: “As a matter of fact all 

epidemiology, concerned as it is with variation of disease from time to time or from place to place, must be 

considered mathematically, if it is to be considered scientifically at all. And the Mathematical method of treatment 

is really nothing but the application of careful reasoning to the problems at hand.” [1].  

HIV/AIDS is the focus of recent research in many medical institutions. The hopeless future of some people 

living with this problem is one of the driving forces besides to find effective ways to control the spread of 

HIV/AIDS. The economic impact on African countries is extreme with difficulties that are compounded by an 

increasing number of AIDS orphans in need of care together with AIDS patients who need medical attention [10]. 

HIV is found in the blood, sexual and bodily fluids of an infected person. The transmission of HIV occurs when a 

sufficient quantity of contaminated body fluids such as blood, saliva, semen and vaginal secretion pass from a 

carrier (infected) of the virus to another person (susceptible). The most common form of transmission are unsafe 

sex, unsafe blood transfusion, transmission from mother to child, intravenous drug use with contaminated needles 
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and other blood related modes like bleeding wounds, blood donation, transmitted through mosquito bites and by 

supernatural means [11].  

This study is concerned with the dynamics of spreading and control of HIV/AIDS [Human Immunodeficiency 

Virus/Acquired Immunodeficiency Syndrome] in the case of Bale Robe town, South East of Oromia region, Ethiopia. The 

dynamic mathematical models set on the background of Biology and Epidemiological knowledge. The integration of these 

seemingly different subjects namely Mathematics, Biology and Epidemiology creates the source of interesting results and 

give valuable applications for the peoples living with HIV/AIDS and those policy makers who involved the spreading and 

control of HIV/AIDS.  

The structure of this paper is organized as follows. In Section 2, the control of HIV/AIDS model is established 

under some assumption. In Section 3, we determine the reproduction and the equilibrium of the proposed model. In Section 

4, the stability analysis of the proposed epidemic model is investigated. In Section 5, we present the parameter estimates 

and numerical simulations. Finally, we give discussion and conclusion. 

2. FORMULATION OF THE MODEL 

We consider all people in a community start as healthy. Healthy people may be infected and some of the infected 

people may become recovered after gain treatment. The SEIR model categorizes the total population at time t, denoted by 

N(t), is sub divided into the following mutually exclusive sub populations: �(�) be number of susceptible at time � to the 

disease; �(�) be number of exposed at time �; �(�) be number of infected at time � and be capable of spreading the disease 

to those in the susceptible category; �(�) be number of recovered at time � those individuals who have been infected and 

then removed from the disease, either due to immunization or due to death. Those in this category are not able to be 

infected again. In these sub populations we are concerned on the transition rates. The transition rates tell us how the size of 

one compartment changes with respect to the other. Out of the known transition rates, the basic one is the force of infection 

or the attack rate measures the rate at which susceptible becomes infected. The population is homogeneously mixing, with 

no restriction of age, mobility or other social factors. We assume once infected you become exposed to the environment 

before becoming infectious. The mathematical representation of the model consists of non-linear differential equations 

with four state variables. The complete model is as follows 

 

��( )� = !�(�)�(�) − (# + % + &')�(�)                                                                                                                    (1) 

 

 

Where ( is the natural birth rate, % is the natural death rate, ! is the rate at which disease spreads, # is duration of 

the latency of the disease rate, * is the rate at which people recover from the disease, &+, &', &- and &. represents the death 
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rate of susceptible, exposed, infective and recovered individuals related to HIV/AIDS respectively which all are positive. 

The total population of the dynamical system (1) is governed by the differential equation  

�/( )� = (( − %)0(�) − 1&+�(�) + &'�(�) + &-�(�) + &.�(�)2                                                                             (2) 

If the death rates related to HIV/AIDS are equal, then the total population becomes 

�/( )� = (( − % − &)0(�)                                                                                                                                          (3) 

Where & = &+ = &' = &- = &. 

If % + & = (, then the total population remain constant [2]. We consider in this paper the total population is not 

constant, thus we assume that % + & > (. Let us consider the region Γ and initial conditions for system (1) which is given 

by 

Γ = 5(�, �, �, �) 0⁄ ≤ �, 0 ≤ �, 0 ≤ �, 0 ≤ �, *� ≤ !�� ≤ #� ≤ (09,                                                                    (4) 

 

Lemma 2.1: The solutions of the system (1) with initial condition (4) is non- negative for all � > 0.  

Proof. In order to show that �(�) > 0, we multiply both sides of first equation of the system (1) by :(;
�<) . 

 

That is 

 

By using fundamental theorem of calculus and taking integration from 0 to t we get 

 

Since (!/()�� ≤ 0 and �(�) = �(0) ≥ 0, so we obtain �(�) > 0 for all � > 0. 

In order to show that �(�) > 0, we multiply both sides of third equation of the system (1) by :(;
�?) . 

 

By using fundamental theorem of calculus and taking integration from 0 to t we get 
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Since #�(@) ≥ *�(@) and �(�) = �(0) ≥ 0, so we obtain �(�) > 0 for all � > 0. 

In order to show that �(�) > 0, we suppose that �(�) < 0 at some time �. Let Γ∗ = inf5�: �(�) = 09. There exists ∈> 0 such that 0 < t+ − Γ∗ <∈ and �(t+) < 0 clearly &�(Γ∗)/&� < 0. 

But from the fourth equation of system (1) we obtain 

�I(J∗)� = *�(Γ∗) ≥ 0. Which is contradiction for any t > 0. Hence �(t+) > 0 and �(t) > 0, for all t > 0. 

In order to show that �(�) > 0, we use integrating factor for second equation of the system (1). 

 

The integrating factor is:(K
;
�L)  . That is 1:(K
;
�L)  �(�)2M = :(K
;
�L)  !�(�)�(�). 

By using fundamental theorem of calculus and taking integration from 0 to t we get 

 

Since !�� > 0 and �(0) = �N ≥ 0, so we obtain �(�) > 0 for all � > 0. 

Hence we proved that the solutions of all individuals are non-negative for all t > 0. 

Lemma 2.2: All feasible solution of the system (1) are bounded. 

Proof.We have shown that all individuals are non-negative for the positive parameters. The dynamics of the total 

population are governed by 

 

 

 

 

WhereO = % + &P − (, &P = QRS5&+, &', &-, &.9 and ( < % + &P. Thus we have 0 ≤ 0(�) ≤ 0(0):�T  as � → ∞. Therefore, all feasible solution of the system (1) are bounded. 
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3. REPRODUCTION NUMBER AND EQUILIBRIA 

In studying any epidemiological model identifying the threshold value is extremely important. This threshold 

quantity which determines whether an epidemic occurs or the disease simply dies out. This quantity is called the basic 

reproduction number, denoted by �N which can be defined as the number of secondary infections caused by a single 

infective introduced into a host population. 

The dynamical system (1) has three equilibria: the trivial equilibrium�N = (0,0,0,0), the diseases free equilibrium �W = (0, 0,0,0) and the endemic equilibrium �X = (�∗, �∗, �∗, �∗) where  

 

 

 

 

With 0∗(�) = �∗(�) + �∗(�) + �∗(�) + �∗(�). We will find the reproduction number �N by the method [3]. Let Y = (�, �, �, �) then the system (1) can be written as: 

�Z� = ℱ(Y) − ℧(Y) such that 

ℱ(Y) = ]!��000 ^ , ℧(Y) = _
` (# + % + &')�−#� + (* + % + &-)�−(0 + !�� + (% + &+)�−*� + (% + &.)� a

b  

By calculating the Jacobean matrices at �W, we find that  

c dℱ1�W2e = df 00 0e And c d℧1�W2e = gh 0i+ i' j  

Where f = d0 !00 0 e and h = g# + % + &' 0−# * + % + &- j 

Thus, the next generation matrix is 
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And the reproduction number �N is the spectral radius (fh�+) = Kk/( )(K
;
�L)(l
;
�?) . 
It measures the average number or mean number of secondary cases caused by each case of an infectious disease, 

during the infectious period [4]. 

The trivial equilibrium is an obvious extreme condition, which is not very interesting at least from the biological 

point of view. Since the total population of system (1) 0(�) = �(�) + �(�) + �(�) + �(�), then the disease free 

equilibrium point �W = (0, 0,0,0) exists for all positive parameter values. And the only positive endemic equilibrium point 

to system (1) is: �X = (�∗, �∗, �∗, �∗) whenever �N > 1. 

Where�∗(�) = (K
;
�L)(l
;
�?)Kk , �∗(�) = (;
�<)(l
;
�?)Kk (�N − 1), �∗(�) = (;
�<)k (�N − 1) and �∗(�) =
l(;
�<)k(;
�n) (�N − 1).  

There is no positive endemic equilibrium point whenever �N < 1. 

4. STABILITY ANALYSIS 

4.1 Local Stability 

The local asymptotical stability of each equilibrium point is studied by computing the Jacobean matrix and 

finding the eigenvalues evaluated at each equilibrium point. For stability of the equilibrium points, the real parts of the 

eigenvalues of the Jacobean matrix must be negative. 

Theorem 4.1: The trivial equilibrium �N = (0,0,0,0) is locally stable.  

Proof: Evaluating the Jacobean matrix of system (1) around �N = (0,0,0,0) gives: 

i(�N) = ]−% − &+000
0−# − % − &'#0

00−* − % − &-*
000−% − &.

^  

Thus, the eigenvalues of i(�N) areo+ = −% − &+, o' = −# − % − &', o- = −* − % − &-, o. = −% − &.. Hence 

all the roots have negative real part which shows that the trivial equilibrium is locally asymptotically stable. 

Theorem 4.2: The dynamical system (1) has �W = (0, 0,0,0) as locally asymptotically stable if �N < 1. If �N =1, then �W is locally stable. If�N > 1, then �W is unstable. 

Proof.The local stability of this equilibrium solution can be examined by linearizing the system (1) around �W = (0, 0,0,0). This equilibrium point gives us the Jacobean matrix: 
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Thus, the eigenvalues of i(�W) are o+ = −% − &+, o' = −% − &., o- = +' p(+ − q(+' − 4('(1 − �N)s, o. =
+' p(+ + q(+' − 4('(1 − �N)s. Obviously(+' − 4('(1 − �N) > 0 

Where (+ = −1(# + % + &') + (* + % + &-)2 and(' = (# + % + &')(* + % + &-). 

Clearly o- and o. are negative if�N < 1. Therefore, all eigenvalues are negative if �N < 1, and hence �W is locally 

asymptotically stable. If�N = 1, then o. = 0 and �W is locally stable. If�N > 1, then o. > 0 which means that there exist a 

positive eigenvalue. So, �W is unstable. Hence complete the proof. 

Theorem 4.3: The endemic equilibrium �X = (�∗, �∗, �∗, �∗) for system (1) is locally asymptotically stable. 

Proof. The Jacobean matrix of system (1) around the endemic equilibrium �X = (�∗, �∗, �∗, �∗) gives: 

 

The eigenvalues of the Jacobean matrix around the endemic equilibrium �X = (�∗, �∗, �∗, �∗) are  

o+ = −% − &. < 0 or o- + t'o' + t+o + tN = 0. 

Where  

t' = (!�∗ + % + &+) + (# + % + &') + (* + % + &-)  

t+ = (!�∗ + % + &+)1(# + % + &') + (* + % + &-)2  

tN = (# + % + &')(* + % + &-)!�∗  

Obviously all tu ’s are positive for all R = 0, 1, 2.  

Then by using Routh-Hurwitz criteria for the polynomial equation o- + t'o' + t+o + tN = 0 we have  

 

Where  

(+ = �+wL x 1 t'   t+tN x = w<wL�wywL , (' = �+wL x 1 t'   0 0x = 0 and z+ = �+{< |t' (+   tN(' | = tN 

In order to show that (+ > 0. Let us consider the following: t' = }+ + }' + }-, t+ = }+(}' + }-) and tN =}'}-!�∗. Where}+ = (!�∗ + % + &+), }' = (# + % + &') and }- = (* + % + &-). 
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Then we have: t+t' = }+(}' + }-)(}+ + }' + }-). Which implies that t+t' = }+1}'' + }-' + }+(}' +}-)2 + 2}'}-}+. Obviously from t+t' the term 2}'}-}+ = 2}'}-(!�∗ + % + &+) > }'}-!�∗. So that (+ is positive. This 

implies that sign of the first column of the Routh-Hurwitz array have the same sign and thus all roots of the polynomial 

equation o- + t'o' + t+o + tN = 0 have negative real part [5]. Therefore, all eigenvalues of the Jacobean matrix around 

the endemic equilibrium �X = (�∗, �∗, �∗, �∗) are negative. Hence the endemic equilibrium �X is locally asymptotically 

stable. 

4.2 Global Stability 

The global stability of equilibrium point will be analyzed by transforming the system (1) into a linear system and 

then choosing a suitable Lyapunov function to analyze each equilibrium point 

We will prove the global stability of �W when # ≤ % + &'.  
Theorem 4.4: If ≤ % + &' , �W = (0, 0,0,0) is globally asymptotically stable in Γ. 

Proof. First, it should be noted that !�� ≤ #� in Γ for all � > 0. Then consider the following Lyapunove function 

[6]. 

 

 

 

 

 

�~� < 0 For% + &' ≥ #, and 
�~� = 0 only if �(�) = 0, �(�) = 0 and �(�) = 0. Thus, the only trajectory of the 

system on which 
�~� = 0 is�W. Hence, by Lasalle’s invariance principle [7], �W is globally asymptotical stable inΓ. 

Theorem 4.5: If < % , then the unique positive endemic equilibrium  �X = (�∗, �∗, �∗, �∗) of the system (1) is 

globally asymptotically stable inΓ. 

Proof. Along the path of the dynamical system (1) let us consider the Lyapunov functional [8]. 
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Where �+ and �' are some positive constants chosen later. 

�1�(�), �(�), �(�), �(�)2 ≤ +' 1�(�) + �(�) + �(�) + �(�)2' + +' �+�'(�) + +' �'�'(�) Since( < % 

Then take the derivative of �1�(�), �(�), �(�), �(�)2 with respect to time along the solution of (1) and (2). 

 

 

 

 

 

Now choose �+ = �<{  and �' = �?K  and rewriting with some little rearrangement, we get  

 

Then by lemma 2.1 and since all parameters are non- negative with the total population 0(�) ≥ �(�) we obtain 

that the Lyapunov functional �M1�(�), �(�), �(�), �(�)2 < 0 if ( < % and �M1�(�), �(�), �(�), �(�)2 = 0 if 0(�) = 0. Thus, 

by the LaSall’s Invariance principle [8, 9] every solution of the system (1) and with the initial conditions approach to  �W as � → ∞. Hence the unique positive endemic equilibrium  �X = (�∗, �∗, �∗, �∗) of system (1) is globally asymptotically 

stable. 

5. PARAMETER ESTIMATION AND NUMERICAL SIMULATION 

5.1 Parameter Estimation 

If we find reasonable values for the parameter, then we can conclude that the model can be used to represent the 

dynamics of HIV/AIDS use in real life. We consider the epidemiology model of HIV/AIDS using the data from Bale Robe 

town, Ethiopia. Analysis of the data indicates that the three years from 2013 - 2015 G. C a total of 54996, 55135 and 55430 peoples of Bale Robe town Woreda attended in a governmental of one hospital respectively. Before these years the 

sector or stakeholders have no well-organize data. From those 9896, 4735 and 6754 people have taken HIV/AIDS test and 63, 66 and 168 individuals shows HIV/AIDS positive respectively. We assumed that number of individuals dies by 

HIV/AIDS is 0, 0 and 3 respectively. From the data we have number of susceptible individuals age greater than or equal to 

10 years are �(0) = 27480, 27550 and 27696, number of exposed peoples age between 15 and 25 years are �(0) =24240, 24345 and 24453, number of HIV/AIDS infected individuals are �(0) = 2170, 2262 and 2281 and number of 

recovered individuals �(0) = 248, 262 and 264 respectively for the three years. The number of mortal individuals of 
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susceptible, exposed and recovered related to HIV/AIDS are 4, 4, 5; 15, 15, 13; and 0, 0, 0 respectively for the three years. 

We assume the value 1/( is an average time for a susceptible individual in the system. The attitude towards 

sexual contact is starting from ten years. Therefore, 1/( set to be 3,650 days. The latency period 1/# of HIV/AIDS is less 

than or equal to 3 months between sexual contact and symptom onset. Therefore, the mean latency period of HIV/AIDS is 45 days. The infectious period or incubation period of AIDS is 6 to 30 months. Therefore, the mean infection period is 540 days. The expected duration of removal rate is the inverse of the mean infectious period. Therefore, 1/* set to be 540 

days. The transmission rate ! is effective contacts (HIV+) per total contacts (HIV test). The HIV/AIDS induced death rate &- is number of individuals dies by HIV/AIDS per effective contacts (HIV+). The natural death rate in 2013, 2014 and 

2015 G.C are 67, 62 and 44 respectively. 

5.2 Numerical Simulation 

In this section we illustrate some numerical simulations of model 1 by considering the basic reproduction number �N as a function of one variable (!, #, *, &' , &-). For numerical simulations of the system (1) we use a set of parameter 

values represents in Table 1. We carried out numerical simulations using WINPOLT software to illustrate the behavior of 

basic reproduction number �N as a function of one parameter which is selected from Table 1. 

Table 1: Parameters Used for Numerical Simulation 

Parameter Description 
Value 

2013 G. C 2014 G. C 2015 G. C � Birth rate 0.000274 0.000274 0.000274 � Natural death rate 0.001218 0.001125 0.000794 � Latency rate 0.022222 0.022222 0.022222 � Recovery rate 0.001852 0.001852 0.001852 � Transmission rate 0.006366 0.013939 0.024874 �� Diseases death rate of � 0.000146 0.000145 0.000181 � Diseases death rate of � 0.000619 0.000616 0.000532 �� Diseases death rate of � 0 0 0.017857 �� Diseases death rate of � 0 0 0 
 

Since the basic reproduction number �N of model 1 is �N = #!0/(# + % + &')(* + % + &-), then we illustrate 

numerical simulations of model 1 by considering the reproduction number �N as a function of one variable (parameter) and 

fixing the other parameters as in Table 1. 

 

Figure 1 

From Figure 1 the basic reproduction number �N increases as the transmission rate ! increases for the total 

population 0 > 0 in the whole three years 2013 - 2015. Where �N(!) = 300.860!, �N(!) = 311.50! and �N(!) =46.030! are the basic reproduction number �N as a function of ! in 2013, 2014 and 2015 G.C respectively. The basic 

reproduction number �N greater or equal to 1 for the value of transmission rate ! ≥ 0.003324/0 , ! ≥ 0.00321/0 and 
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! ≥ 0.021725/0 which is ! ≥ 6.044 × 10�� , ! ≥ 5.822 × 10�� and ! ≥ 3.9194 × 10�� in 2013, 2014 and 2015 G.C 

respectively and the disease spreads for this values of transmission rate !. 

 

Figure 2 

From Figure 2 the basic reproduction number �N decreases as the HIV/AIDS induced death rate &- increases for 

the total population 0 > 0 in whole three years. That is the reproduction number is less than one as the HIV/AIDS induced 

death rate &- increases which shows in principle there is no spread of disease.  

 

Figure 3 

From Figure 3 the basic reproduction number �N decreases as the disease related death rate &' increases for the 

total population0 > 0. That is the reproduction number is less than one as the disease related death rate &' increases which 

shows in principle there is no spread of disease.  

 

Figure 4 

From Figure 4 the basic reproduction number �N decreases as the recovered rate * increases for the total 

population0 > 0. That is the reproduction number is less than one as the recovered rate * increases which shows in 

principle there is no spread of disease.  
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Figure 5 

From Figure 5 the basic reproduction number �N increases as the latency rate # increases for the total 

population0 > 0. That is the reproduction number is greater than one as the latency rate # becomes larger and larger which 

shows in principle there is spread of disease. 

6. DISCUSSIONS AND CONCLUSIONS 

In the model (1) we found that the basic reproduction number �N = 1.91529, 4.342 and 1.14487, in 2013, 2014 

and 2015 years respectively. That is the reproduction number is greater than one in all three years and this shows that the 

HIV/AIDS spreads in Bale Robe town. When we consider the basic reproduction number �N as a function of HIV/AIDS 

induced death rate &-, disease related death rate &' and the recovered rate * we found that the basic reproduction number �N ≈ 0 as &-, &' and * becomes larger and larger respectively. That is the reproduction number is less than one which 

shows in principle is that there is no spread of disease. That is HIV/AIDS induced death rate &- and disease related death 

rate &' decreases the host that carries the HIV virus. That is if the AIDS induced death rate increases infection individuals 

that transmit the disease into the exposed and susceptible population decreases. So if infected individuals are decreased the 

disease is transmitted slowly. Thus if all the HIV infected and exposed individuals dies then the disease also dies. To 

control the spread of HIV/AIDS we can control the parametric value of the transmission rate not to be greater than the 

bifurcation point ! = 3.9194 × 10�� by fixing the remaining parametric value as of Table 1in year 2015. The other control 

parameter is the latency rate # > 1.9718845 × 10�� as it makes the reproduction number is greater than one by fixing the 

remaining parameter as of Table 1. That is if it decreases from this parametric value then there are some infected 

individuals that transmit the disease into the exposed and susceptible group. That is if more infected individuals are present 

in the community then there is a big chance to spread the disease rapidly. In this paper we assumed that the disease is 

transmitted only by sexual intercourse future work may extend by considering the disease also transmitted by means of, 

sharp materials, blood donations, mother to child and breast feeding. We therefore suggest that the future work better 

considers these factors to have better result on controlling the spread of HIV/AIDS virus.  
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