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1. INTRODUCTION

Laminated composites with continuous fibres areelyidbeing used in various engineering fields, sagsh
aeronautical and aerospace industry, marine, awiativil, sport, as well as in other fields of neod technology
and other applications. They are preferred dudeo tharacteristics like, high stiffness to weightio, excellent
fatigue strength, high energy absorption, self dampapacity, high strength to weight ratio, low ig¥g,
resistances to electrochemical corrosion and gesttance to corrosive agents, capable of beininesegd
according to requirements. It is a challenging t&sKind the accurate prediction of the resportsracteristics of
composite structures. Hence, it is necessary ttyamshe buckling characteristics of laminated cosife plates.
In the present paper, the displacement model igldped using the Layer wise HSDT. The equationsafion
are derived using the principle of virtual work.eTgolutions are obtained using Navier's methodetbtickling
characteristics are determined using Layer wise HSBnally, the accuracy of the proposed theoryasified

based on the results available.
2. THEORETICAL FORMULATION AND DEVELOPMENT OF LAYER WISE HSDT

There has been a considerable progress in unddirsgbehaviour of composite laminates. It is natic
that, anisotropic multilayered structures possemsierse discontinuous mechanical properties agtehi
transverse shear and transverse normal stressragdidity. In order to model materials with such aeiour, two
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64 S. Lokesh, GSVivek & L. Praveen

different approaches have aroused, they are egumivaingle-layer theories (ESL) and layerwise thesofLWT). In order
to overcome the limitations of CLPT and FSDT, Higbeder Shear Deformation Theories (HSDT), whichoine higher-
order terms in Taylor's expansion of the displacemén the thickness coordinate were developedsd&heodels can
disregard shear correction factors and give mooeirate and stable transverse shear stressesndtticed that, LWT
models have some advantages over the conventi@hah@lels. First, they allow independent in-pland #mough the
thickness interpolation, the element stiffness matan be computed much faster. Second, even theneoof input data is

reduced, LWT are capable of achieving the samd t&alution accuracy, as a conventional 3D madels
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Figure 2.1: Layer Wise Kinematics of ‘N’ Layer Laminated Composite Plate

A rectangular plate having width a, length b anidkihess h along x, y and z axes, respectively isiciered.
Figure 2.1, shows the one dimensional layer wiseerkiatics of three layered composite. The displaoeme
components:®, v® andw®, along x, y and z directions, respectively for thieldle layer are expanded using, Taylor's

series in terms of thickness coordinaf®.

Displacement Field
u®(x,y,2) = uy(x,y) + 200, (x,y) + (z(k))zuo*(x, y) + (z(k))39x*(x, y) + &,
v®(x,y,2) = vo(x,y) + 200, (x,y) + (z(k))zvo*(x, y) + (z(k))39y*(x, y)+ P,
w®(x,y,2) = wo(x, y)

Ol middie layer%eﬁﬂl)) for layers above middle layer

Whered,, = _(yimmidde layer%e(i)

1 (my) for layers below middle layer

Whereu,, v, andw, are the displacements of the middle plane along and z directions, respectively. The
parameter$, andf, are the rotations of normal to middle plane Bidyer, about x and y axes, respectively (k=1,.2,)3
andu,*, vy", 6,” and6,,” are the higher-order terms in the Taylor's seeiggansion and represent higher-order transverse
cross sectional deformation modes, of the middferlaLaminated plate is made of laminae, havinipiee$ oriented at an
angled, measured from the material x to global x axise Blress strain relations of the laminae are thezeflefined in

material coordinate system as:
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o]“fc, ¢, 0 0 0 T
o, C, C, O 0 0 €,

T, 5|0 0 Cs O 0 Y12

Ti3 0 0 0 Cu O Y13

Tos _0 0 0 0 C55_ Y23

In which

0= ((01, 02, T1p, Tya, T29)' are the stress components Bfl&minae in material coordinates

£=((& & Y12 Vi3 Y29)") are the strain vectord'kaminae in material coordinates and

Cy’s are matrix of material elastic coefficients tdt laminae, given as,

_ Eq _ HyE
Cri=p—L 1 =
H (1_”-12”21) 2 (1_1112“21)
E
Cy = 72—
2 (1_l112“21)

Ca3= Gy Cua= Gog; Cs5= Gy3

Since, all quantities should be referred to a simghordinate system; it is needed to establishstoamation
relations among stresses and strains, in glob& syt the corresponding quantities in materiaddlpcoordinate system.
The constitutive matrix in global coordinate systeiththen be of the form:

k

ol [Qu Q. 0 0 0 e )"
Oy Q: Q. O 0 0 €
Tyl = 0 0 Qs3 0 0 Y12
T,, 0 0 0 Q. O Y13
Ty, 0 0 0 0 Qss | (Y25
Where,

Qu:=Cy1*Cos[0] “+2*C,,*Sin[0] **Cos[0] *+4*C33*Sin[0] *Cos[0] *+Cy,*Sin[6] *;
Qi= (Cy1+Cpp-4*C33)*Sin[6] *Cos[0] +Cy, (Sin[6] “+Cosp] ¥;

Q2=C1*Sin[6] *+ (2*C1,+4*C33)*Sin[06]**Cos[0]>+C,,*Cos[0]*:

Qu5= (C11-C12-2*Cee)*SIN[0]*C0S[0] *+(Cyz-Cpr+2*Cys) Sin[0] *Coso];

Qa5 (C11-C1-2*C39)*SIN[0]*COS[B]+(C-Coz+ 2*C3) Sin[0]*Cos[6] %,

Q= (Cy1+Cpp-2*C1-2*Cs3) Sin[8] *Cos[0] *+Cas(Sin[] *+Cosp]);
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66 S. Lokesh, GS Vivek & L. Praveen

Q4=C44*C0s[0]+Css*Sin[6]%

Qu5=(Cs5-Cas)*CoS[O]*Sin[ 0];

Qss=Cs5*C0S[0]*+Cys*Sin[0]%
3. BUCKLING ANALYSIS OF LAMINATED COMPOSITE PLATES BASED ON LAYERWISE
HSDT

Buckling in structures is due to in-plane loadgresented by mechanical and thermal loads. Bucldirape of
the major modes of failure of laminated structueesl it is necessary to predict the critical loadtlod structural
component, for the easy replacement with good hesating capacity. The objective of buckling analyss to determine
the critical buckling load. The buckled configuoatiexhibits the structure, when the in-plane loadeeds its critical
buckling load and leads to instability. Hence, éfffect of thickness ratio, aspect ratio and modeéi® on the buckling of

laminated composite plates are investigated

4. NAVIER SOLUTION USING HIGHER-ORDER DISPLACEMENT MODEL BASED ON
LAYERWISE THEORY

In the Navier method, the displacements are expghimda double Fourier series, in terms of unknoarameters.
The choice of the trigonometric functions in theie is restricted to those which satisfy the baugctonditions of the
problem. Substitution of the displacement exparssionthe governing equations, results in an inkkrtset of algebraic

equations, among the parameters of the displaceexgansion.
The simply supported boundary conditions for thghbr-order shear deformation theory are:
Atedgesx=0and x=a
Vo=0,w%=0,6,=0,M=0,% =0,8,=0,M =0,N=0,N =0,
Atedgesy=0andy=b
U=0,w=0,6,=0,M,=0, 4 =0,6, =0,M, =0,N,=0,N, =0,

The simply supported boundary conditions shown duations are considered for solutions of laminated
composite plates, using displacement model. Thedemy conditions are satisfied by the expansions:

Uy (X Y, 1) :i i U...(t) coax singy
% (4.0 =Y 3 Vi) sinax costy

0 00

W (X Y1) =Y > W, &) sinax singy

m=l n=1
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g, (xy,)=> > X, (t)comx singy
mel =l
6, (xy.t) = D" Yo,t) sinax cosBy
meL n=l

U (%Y,1) =D > U, (1) coax sinfy

meL n=l
v, (xy.1) = Z > Vo) sinex cosy

n=1

g, (xyt)=> > X (t) cosaxsingy

ml n=l
The mechanical loads are also expanded in douhlgdfsine series as:
q(xyt) =D > Q,t)sinaxsingy

ml n=l
Where Q. (z, 1) :ij j a(x, y,t) sinax sin Sy dxdy Wherea = mn andp = nn
aby a b
The governing equations of motion are obtained as:
(Aila + ASS:B ) (Alz + ASS)an a:B + (Bllal2 + B33ﬁ2) an + (Blz + BSS)Ymn aﬁ +
(Aua®+ A%,B U (Ais * AV 0 + (B +Byg 57) X + (Bus + Bao Yo a5 =
(10 00+ 1 Ko+ 10+, K )= (NY)
(A + A)U 0B+ (A33 a’+ Azzﬁz)vmn +(Boy + Baa) X,y 0B +(By 0 + By BN, +
(Pt ) U@+ (A + A Ny + (Bt B) X100+ (Bis @7 + BN, =
(Il\/mr-i-IZYmr-i-I V +I ) (N ) )
(Lll a +L22 ﬂZ)W +L11 ax +L22 ﬁYmn+2L13 atJr:1n+
2L24 ﬁvmn+3L15 O'X +3L26 IBYmn ( +an )
(Blla + B33IB ) (BZl + B33)V aﬁ + LllW na + (Dlla2 + D?>3IB2 + Lll )xmn +
(D + Das) aﬁ + (B41a + B63/32 +2L, (851 + Bea)v';m ap+
( 140' + D36 /32 +3L15)X +(D15 + Dae) 0',5 =
(1015 X # 1, U+ X )= (M)
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(Blz + BSS)Umnaﬁ-'-( 33 a,Z + BZZIBZ)V mn + L22Wmnﬁ+ (D21 + D33) Xmn aﬁ+
(D33 a + D22 ﬂ + L22)Y + (B + BG3)U :nnaﬂ+

(863a + 85213 + 2L24)an D36 + D24)x:nn alg+

(Dys 0% + D82 + 3L, Vi = (1 Vi + 15 Vo + 1,V +1, V5 )- (M?)

3 'mn

(Aut? + AGBZ)U o + (A + AV, 0B + 2L, W, + (B + BB +2L,,) X, +
(B + B )Y 05+ (Aa® + A + AL )00 + (A + AV B

(B44a +Beeﬁ2+6|-35)x +(B45+Bee) aﬁ_

(1 + 1, Ko 1,05, +1 X )- (N
(
(
(

mn

A+ AU 0B +(A g 0% + A2V, + 2L, W, B+ (B, + B) X, a8 +
BG3a +BSZﬁ +2L42) ('%4+A66)Umnaﬁ+

Aa? + AS +4L44)vmn +(Byy +Bo) Xy @B +

(Boo @2 + BoslB® + 6L Vo = (1Vins + 1 Vi + 15V +1 Vi) (N2)

4 "mn

( 140’ + 836:3 ) (Bz4 + BS6)V ap+3Ls, W,.a + (D41a2 + Desﬁz +3|—51)an +
(D42 + Dea) B+ (B44a + BBGIB + 6'-53) U (Bs4 + BBG)Vn:n ap+

(D440’ + Dee ﬁ + 9|-55)X + (D45 + Dee) mn 0’,3 =

(1,0 UL LK) (MY

5 m

(815 + BSG)U aﬁ + (B36 O,Z + BZSIBZ)an + 3L62 Wmnlg-l- (D51 + D63) an a:B +
(DGSG + D52 ﬁz +3L62)Y + (B + BGG)U r:ma:B +

( 66a + BSSﬁ + 6L64)V (D54 + DGG)an aﬁ +

(Des @ + DagfB2 + 9L Y = (1N + 1, Y, + 1V +1, V0 )-(M72)

5 "mn

The analytical solutions for buckling problems afrlinated composite plates, can be obtained byngettie
distributed load over the surface of the plate tame derivatives to zero:
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Sll SlZ Sl3 Sl4 SlS Sl6 Sl7 SlS Sl9 i U‘m‘n
SZl SZZ SZS 824 SZS SZ6 S27 SZS SZ9 an
S31 SSZ S33 +K SS4 SSS S36 S37 SSS 839 Wm‘n
S4-1 S4-2 S4-3 S44 S45 S4-6 S47 S4-8 S49 an

SSl SSZ SS3 SS4 SSS SS6 S57 S58 SS9 Ymn +

Se1 Se2 Se3 Sea Ses Se6 Se7 Ses Seo Unn
S71 S72 S73 S74 S75 S76 S77 S78 S79 Voan
Sg1 Sg2 Sg3 Sga Sgs Sge Sg7 Sgs Sog Xon
So1 Sz So3 So4 Sos Sog So7 Sog Sgg 1 \ Yy
my; 0 0 myy 0 myg 0 myg 0 7 (Umn 0
0 My 0 0 mys 0 Mmy; 0 Myl | Vinn 0
0 0 my; 0 0 0 0 0 0 [|[Wal |0
Mmy; 0 0 My, 0 myg 0 myg O KXmn 0
0 mg; 0 0 mgg 0 mg; 0 Mgo|< Yin p=5 0
me; 0 0 Mgy 0 Mg 0 Mgg 0 Umnn 0
0 mj 0 0 mys 0 my; 0 Mmygl | Vg 0
mg; 0 0 mgy 0 mgg 0 mgg 0 || X7, 0
L 0 mg, 0 0 mgs 0 mg; 0 mool \Y,, 0

Where,K = N, (1,a? +1,8%)

The in-plane loading conditions for laminated cosifgplates are given as:
Uni-axial compression (UAC)A, = -1,1, =0

Biaxial compression (BAC):A, = -1,1, = -1

The elements;&nd (i=1,2....9 and j=1,2...9) are given and solutitorsthe equations for each m,n giveg,U

* *

Vi Winn, Xenns Yimns Umn, an, an, Ymn,which are used to compdﬂg,Vo,V\{),Hx, Hy,uo A ,9X ,9y

S11= Ao + Agg*B?; S12= (Arz+Ace)* o *B;

S13= 0; S4= Bir*0® + Bo* B Sis= (B12+Boo)* o *P;
Si6= Ass* o + Age*B% Si7= (Ars+Aze)* o *B;

Sie= Bus* o + Bag*B? Sio= (BistBag)* ot *B;

S21= (AartAce)* o *B; Spo= Agg* o + Agg* B2
$23=0; S4= (B12+Bse)* o *B;

S25= Beg* o + Bog* B S6= (AgatAse)*a *PB;

Spr= Aget o’ + Agst Bzi S5= (BoatBse)* o *P;
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S20= Bag o + Bps*B%; S31= 0; 2= 0;

Saa= Lur*o® + Log*B? Spa= Lur* oy

Sg5= La2"B; Sg6= 2*L1s" 0

Sg7= 2%Lag* B;

Sgs= 3*L1s* o Spo= 3*L26" B;

Si1= Bur*o? + Beg* % Siz= (Bou+Bee)* o *B;

Sia= L1r*o; Syu= Dug*a’ + Dgg* B2+ Lug;

Sis= (Diz+Dsg)* o *B; Sye= Bar* 0 + Bog* B + 2Lyg;
Su7= (Bs+Bea)* *B; Sye= Dys*a” + Dag*B°+ 3Lys;
Sy9= (D1s+Dse)*a *B;

S51= (BiztBgg)*a *B; Ss2= B o + Bpo* B’

Ss3= Loz *B; S54= (D21+Bgg)* o *B;

Sss= Des*a” + Dp2* B + Loz Ss6= (BaztBea)* o *B;
Ss7= Bog* 0 + Bsg* BP+ 2Las; Sse= (D2stBsg)* o *B;
Sso= Dyg*a” + Dps*B* + 3o,

So1= Aur* e’ + Ags*B%; So2= (AsztAca)* o *B;

Ssa= 2*Lar*0; Soa= Bar*o® + Bog* B+ 2*Lgy;

Se5= (BaztBea)*a *B; Soo= Aus o + Agg* PP+ 4*Lag;
Se7= (Aas+Ace)* o *B; Soe= Bag 0 + Bes*p*+ 6*Las;
Se9= (Bas+Bee)* 00 *P;

S11= (Asr+Ase)*a *B; Sp2= Aes* o + As*B’;

Sr3= 2*La2* B; Sra= (Bs1+Bea)*a *PB;

Sr5= Bea* o + Bsg* B?+ 2Luz Sr6= (AsatAce)* 0 *B;
S17= Ass* 0 + Ags* B+ 4*Las; Sra= (BsstBeo)* o *B;
Sro= Be* o’ + Bsg* B2+ 6*Lsg;

Se1= Bug*o + Bagh % Spo= (BaatBag)* ot *B;

Sea= 3*L1s*0; Spa= Dus*a’ + Deg*B® + 3BLsy;

Ses= (Daz +Dea)* 0* B; Seo= Bas 0 + Beg* B>+ 6*Ls3;

Ss7= (Bsa+Bee)* o *B; Sse= Dag 0° + Dg* B+ 9*Lss;
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Sso= (DastDee)* o *B;
Sor= (Bis+Bse)* o *B; Sop= Bag o + Bys*p’;
So3= 3*L62*P; Soa= (Ds1+De3)* a1 *P;
Sos= Deg* o’ + Dsz* B?+ 3Lez; Sop= (BastBeo)* o *B;
So7= Bgg* o + Bsg* B2+ 6*Las; Soa= (DastDee)* o *P;
Sog= Des* 0 + Dss* B2+ 9*Lgg;
5. RESULTS
The following material properties are considereddminated composite plates to perform the anslysi
Material: Graphite Epoxy
Young's Modulus: E=25 Gpa,E=1Gpa
Shear Modulus: & =G,3 =G;3 =0.5Gpa,
Poisson's Ratiold 1= M 23= H13=0.25

The numerical results obtained from the bucklinglgsis are shown in graphs
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Figure.5.1: Comparison of Non- Dimensional Uni-AxiaBuckling Load of a Simply
Supported Cross-Ply Pla@®°/90°/0°) with Different Modular Ratios
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i
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60
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Figure.5.2: Effect of Aspect Ratio and Modular Ratd on Uni-Axial Buckling Load of a Simply
Supported Cross Ply(0°/90°/90°/0°%) Laminated Composite Plate
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Non dimensional buckling load
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Figure.5.3: Effect of B/H Ratio and Modular Ratio a1 Non- Dimensional Uni-Axial Buckling Load of a
Simply Supported Cross Ply(0°/90°/90°/0°) Laminated Composite Plate
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Figure.5.4: Effect of Aspect Ratio, Modular Ratio ad A/B Ratio on Non- Dimensional
Bi-Axial Buckling Load of a Cross-Ply Lamindged Composite Plate
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Figure.5.5: Effect of Aspect Ratio, on Non- Dimensihal Uni-Axial Buckling
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—@—Uniaxial Buckling load

Non dimensional buckling load

Figure 5.6: Effect of Modular Ratio, On Non- Dimengonal Uni-Axial Buckling
Load of a Angle-Ply Laminated Composite Plate

) /
—=(0/90/0)
; (0/90/50/0)
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Non dimensional buckling load

Figure5.7: Variation of the Critical Non- Dimensional Uni-Axial Buckling Load with The in-Plane Ply
Modulus RatioE4/E, in the Range[1,40],A/H=10 With Different Ply Stackng Sequences

6. CONCLUSIONS

A Layer wise higher order shear deformation thedsysuccessfully developed for the Buckling analysf
laminated composite plates. Many problems are dobavering different features of laminated compassitsuch as ply
orientations aspect ratio, thickness ratio andifgpétc. The analysis has verified that, the pre&ét8DT is capable to
predict the buckling response of laminated compqdiites, as that of the other theories. It has baewn that, the effects
of side-to-thickness ratio, aspect ratio, moduédiorplay an important on non-dimensional buckliogds of laminated
composite plates. The information derived from sedy can help designers in choosing a particutie-®-thickness

ratio, aspect ratio, modulus ratio in the matedidaldesigning a laminated composite plate.
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